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1 Introduction

Random fluctuations of an electromagnetic field are the object
of the theory of coherence [1].

In the analysis of imaging systems, the spatial-coherence state
of the light source plays an important role; in fact, the degree
of spatial coherence of the illuminating source strongly af-
fects the image quality, and numerous criteria, such as spatial-
frequency cut-off, two-point resolution, speckle phenomenon,
and the diffraction effect at a screen edge, can be used to com-
pare image properties [2]. The ability to asses the state of co-
herence of an illuminating beam is therefore of great impor-
tance.

Perhaps, the earliest works on the theory of partial coherence
for the propagation in periodic structures have been the study
of the effect of multireflections occurring in optical cavities by
E. Wolf [3] and W. Streifer [4].

More recently some attempts have been made to construct a
theory of partial coherence for wave propagation in periodic
media such as photonic crystals [5]. In the present paper we
wish to analyze a 2D-structure which shows a transmission
that may be strongly influenced by the spatial coherence prop-
erties of a monochromatic beams, so providing a simple tool to
give a rough measure of the coherence properties of the beam.

Received June 8, 2006; published June 14, 2006

2 COHERENCE THROUGH A TWO-
DIMENTIONAL GRATING SYS-
TEM

We wish to analyze the coherence properties of a 2D structure
including a diffractive element such as a grating. The response
of such geometry is strongly influenced by the wavelength of
the radiation and therefore it is convenient to speak in spectral
terms adopting the concept of spectral visibility and spectral
correlations developed by Mandel and Wolf already in 1976
[6, 7]. The spectral visibility #(r,w) at a given point P(r) is
defined as

W("/w)max - W(r/w)mjn
W(rrw)max + W(T, w)mm

(r,w) = 1
where W(r, w) is the spectral density at the frequency v. For
a white source of continuous spectral density in a sufficient
small interval of frequency Jv, one may assume

W(r,w) = W, = cost (2)
and
w+ow
Iy = W(w')dw' = Wy,dw 3)
w

The spectral visibility is then

. I (r)max —Iw (r)nun
B (7’) B I (") max + Lo (") min

)

To start with, let us consider the most intriguing part of our
studied structure made by a grating with a period d along
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the x-direction on which a plane monochromatic wave prop-
agating along z and polarized linearly with the electric field
vibrating along y (see Figure 1) is impinging. A number of
plane waves comes out from the grating (in the figure three
waves are shown) with different propagation directions. The
outcoming field can be written as

N; No E+

Eo

\ £,
Z3

2D

NV

Z4

FIG. 1 Representation of a simple 2D grating system with one input plane wave in and

three plane waves in output.

Fa(x,2)= Y, Tyemxth) (5)

n=—oo

where T, are complex coefficients determined by the bound-
ary conditions of the problem

Kz = \/1n2K2 — K2,

knx = n%ﬂ + nikop sin @; = nky + kyo

(6)

ng is the external output medium refractive index, ko is the
wave-number in vacuum, 7; is the input refractive index, n is
an integer number n = 0,£1,£2,... and ¢; is the incoming
angle. If the input field is incident normally, the incoming an-
gle ¢; is zero and to have homogeneous plane waves in trans-
mission one must have

ngkg —knx >0 . 7)

Therefore the nth order diffracted wave will propagate in the
output semispace only if

n<nyg—

. ®

If the output medium has a refractive index np and only 2n 41
orders are wanted, then

n§n0%<n+1 9)

In the observation plane at some distance zp from the 2D sys-
tem, the output field is made by the sum of a finite number of
plane waves which interfere with each other. The calculation
of the total field in the case of fully coherent waves is quite
easy. To consider more complex cases let us start from the

spatial frequency integral representation of the output field
so that the output field E,(x) can be written as the inverse
Fourier transform on the plane z

Eout (x) = / 2 Ty (Ky) x
—i {(n kgthx)x+1/n3 k3—(n kd+kx)zz] E: (k)

or in a more compact way

e dky (10)

out /T kx/x ) 7ikxxdkx (11)
where
/212 2
kx, 2 T, (kx z{nkder ngkg—(nkg+kx) z]. (12)

We are now in the position to obtain the mutual coherence
function for the field at frequency v
(@) — o
Lout (x1,%2) = < Eout (x1) Eout (x2)" >=

=< [T (ke 10) Ei (k) e ot dky
/ T (kxz, xz)* El' (kx2)* eikxzxzdkxz > (13)

which can be written as

r(()‘l:]t) (x1,22) = // r,(w) (kx1,kx)
T (kyy, x1) T (kxo, x0)* e~ Fa¥1eikex2gr dk o (14)

where
i« (kx1,kx2)

; = < Ej(kx1)E; (kx2) > (15)
is the spatial cross-spectral function of the incident field of
pulsation w. If the two points x; and x, coincide, x| = xp = x,

then Fgut) (x, x) is the output intensity and we have

o (¥) = [[ T (ka k) T (kaa, ) T (kiz, )"
e~ ilka—ke)xgp gk . (16)
If we assume that the input plane wave is a stationary pro-
cess that depends on the two spatial variables only through

their difference x”/ — x’ = 6, T is a function of the difference
between the points x’ and x” only and we may write for

< Ei(ka) Ei (k)" >= [[ < E (¥)E ()" > x
ezkﬂx e —ikyox" dx'dx"" (17)
the expression
< Ei(ka) Ei (k) > =T (k)8 (kg —kya)  (18)

and substituting Eq(18) in Eqs.(15) and (16) we obtain

w(x) = /F

The calculation of Eq.(19) requires the knowledge of T; (k).
The simplest way to operate is by numerical integration. To
improve the speed of calculation of the integral, a database
has been created with a number of values of T, (k) for dif-
ferent ky values and given polarization (TE or TM). From the
database by interpolation all the points of T; (ky) are derived

k1) | T (kr, %)|* dkr. (19)
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and are used to perform the integral Eq.(19) for any position
zp and any correlation function I';.

A simple example may be considered by assuming to have an
input wave with a Gaussian correlation function

T (x) = e¥/27 gk (20)

where kyo has been defined in Eq.(6). The Fourier transform
can be written as

T (k,) = Age 17 (kx—kn)® 1)
being o (with the dimension of a length), a measure of the
spatial coherence of the wave. For values of ¢ >> A, being A

the input wavelength T;(ky) is well approximated by a Dirac
¢ function and Eq.(19) can be written as

1(x) =T (kyo) | T (kyo, 2) 2. (22)

Except for a multiplicative constant, Eq.(22) is exactly the in-
tensity distribution on the plane z (z is implicit in the func-
tion T) of a fully spatially coherent field. We have important
effects due to partial coherence only if the function T';(ky) is
wide enough not to be approximated by a Dirac ¢ function. In
this case, we have a combined effect due to the partial coher-
ence of the incoming field and the geometrical properties of
the system. If ¢ >> A, the geometrical parameters of the 2D
structure are not so important. Consider however Eq.(19) and
write down the general form of T as in Eq.(12)

kgx+1/n2 K2 —(nkg+ky)?
T (ky,x) = 2 Ty (ki) e l[" wr k= (nka )Z]. 23)

We have to consider that in the sum Eq.(23) the terms T}, (ky)
are constant with respect to the spatial coordinates x and z.
They are produced only by the angular spectral properties of
the 2D structure. The exponential term is the propagator for
the single plane waves that from the 2D system propagate till
the z plane, and it may produce changes in T (ky, x)as the ob-
servation plane distance z is changed.

In Figure 1 (where for simplicity only three waves are con-
sidered of the 2N + 1 ones in output) we consider two z
planes where to calculate the intensity by Eq.(19). The prop-
agator for the n-plane wave in output is written as K, =

,i[nkdxﬁ»\/n% k(zjf(nderkx)zz] . .
e . Itis evident that for some range of

ky values the number of turns of the vector K, on the complex
plane (and therefore the number of the phase cycles) is greater
as the z plane is moved far apart. This means that Eq.(23), that
gives the form of the interference fringes on the z plane in the
case of a completely coherent field Eq.(19), is more sensible to
ky as the z plane moves farthest away. In particular, the fringes
tend to disappear by increasing z. In Figure 1 the interference
fringes will be more visible on the plane z; than on z;. The
calculation shows that the visibility of fringes depends on the
ratio z/o. For z < 3¢ the fringes are still visible, for z > 30 the
visibility tends to zero. This is a characteristic linked to the
mathematical and physical properties of the propagator K,
more than to the geometrical characteristics of the 2D system.

3 ANALYSIS OF THE SPATIAL
AND TEMPORAL COHERENCE
ON A GRATING

Taking into account Figure 1, we proceed to analyze the gen-
eral case of a space and time partially coherent input plane
wave on a 2D system made by a grating with period d. We
begin from the integral representation in terms of spatial and
temporal frequencies of the output field on the generic z plane.

N —i | nkgx+ 1/ n2KE — (nkg+ky)?
Eout (1) // Z T, (ke z{ndx ngkg—(nkg )z}x

E; (ky,w)e” *¥et dk dew (24)
or using Eq.(12)
Eout (x,t) = / T (ky, w,x) Ej (ky, w) e~ *¥eitdi dew.  (25)
We now proceed to derive the mutual coherence function

Tout xl/ Xo; 11, tZ) < Eout (xlr tl) Eout (X2, tZ)* >=

/ T (kxy, w1, X1) Ej (kyy, cwr) e~ *n %161t gl deoy x

// T (kx2/ wy, xZ

that can be written as

“Ej (kny, wo)* eF2¥2e7 1022 4k ey (26)

< Eout (x1,11) Eout (x2,12)" >=

//// <Ei (k’(l’wl i(ka/wz)* > X

*
<kx1/w1/x1) (kx2/w2/ xz) X
e~k pikey X2 glntr g =iata g dle deoydeoy (27)

or in a more compact way

Tout (x1,%2,t1,12) =
/// Fi (kX]/ka/wllwz) T (kX]/wllxl) T (kXZICUZ/ xz)* X

¢~ Ry 1 gk 2 gty p—itwaly dky, dky,dwrdw,. (28)

To derive the spectral correlation function I'; in spatial and

temporal frequencies we can proceed as for Eqs.(17), (18) ob-
taining

T; (kxlr kx21 w1, wZ) =<E; (kxlr wl)

1"1- (kxl,wl) ) (kxl

E; (kxy w2)" >=
— kx2) 1) (w1 - (,Uz) . (29)
Replacing Eq.(29) inside Eq.(28) we have
rout (xlerItl/tZ) = / I—'l (kxlrwl)T(kxlzwlxxl)X
T (ky,, w1, %2)" o ikxy (xl*Xz)eiwl(trtz)dkxldwl. (30)
That in the case of fully spatial coherent field in input becomes
Tout (x1,%2,t1,12) = /1",- (w1) T (wr,x7) X
T (w1, x3)* e (1=12) 4oy, (31)

while for a fully time coherent field we have

Tout xl/ X2, tlrtZ) = Tout (xlr Xz)

i)

Ky, x1) T (kyy, x2) " e "R (1=2) g (32)
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In the case of a plane wave with central pulsation wy, sta-
tionary Gaussian coherent function in space and stationary
Lorentzian coherent function in time, the correlation function
is written as (we define x = x1 — xp, T = £1 — £»)

2

T (x,T) =e 2Fe¢ e Kn¥eiwoT

(33)
where o, and o; are related to the space coherence and
linewidth of the pulse. The Fourier transform in space and in
time (except for a constant factor) is

2e” 303 (kg —kxg )2

F(k ,CU1> = .
L o [(w—w0)2+%2}

(34)

Considering Eq.(30), the output intensity for a partial coherent
input field is

I(x) = / T; (kny, 1) |T (kyy, o1, %) dky,deoy— (35)

with I'; given by Eq.(34).

4 AN EXAMPLE; A PHOTONIC
CRYSTAL WITH A GRATING AS
A DEFECT

We now consider a more complex 2D structure made by alter-
nating a number of layers of different refractive index, with a
simple grating at the centre.

M| Mg | Mg | Mg |7y E,
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FIG. 2 Representation of a grating between two multilayers at Ay /4.

The general structure is shown in Figure 2. The structure may
be represented in a symbolic way as AB(2D)BA with obvious
meanings of the symbols. The simulations that are reported
below have used for the different parameters the following
values: ny = 2.5, np = 1.5; all the thicknesses of the 1D-layers
are chosen to have optical path Ay/4 where Ay = 0.6um. The
grating represents a defect in the middle of the 1D-layers and
its thickness is a; = 0.25um. The period d has been chosen
d = aAg with a = 1.8; with this choice of d and A it is clear
that only three plane waves are present in the output, as it is
schematized in Figure 2. The period d includes two regions of
refractive index 14 and np of equal extension.

Figure 3 shows the transmission spectrum T: in Figures 3(a),
3(b) and 3(c) are shown for normal incidence the transmission

spectra in (a) for the diffracted zero order only, in (b) for the -1
and +1 orders (in case of normal incidence these two spectra
are equal), in (c) the average power that can be measured on
a generic output plane (obviously the average power is equal
to [T+ |To* +|Ty1 ).
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FIG. 3 Transmissions for the system AB(2D)BA of Figure 2. (a) transmission spec-
trum of zero order for normal incidence; (b) transmission spectrum of -1 and +1 orders
for normal incidence (for normal incidence they are the same); (c) average transmis-
sion power at the output plane for normal incidence; (d) average transmission power
at the output plane for different angles of incidence (kx = kx(¢;), where ky is the
x-component of the wave vector kp), in this last case the wavelength is fixed at
A = 0.6um.

In Figure 3(d) the transmission is given as a function of the
wave vector ky forA = 0.6um. For the sake of simplicity, we
will limit our considerations and calculations to the case of a
monochromatic wave in the pass band of the structure.

z=500pum z=1000pm
N A [\‘
2 “ 2 ,l v
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0 N \'I 0 \\.." ‘\Jl
0.2 0.6 1 0.2 0.6 1
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FIG. 4 Square modulus of transmitted electric field at several z planes, the dashed
curves refer to a completely coherent input plane wave, the solid lines refer to a

partially coherent input plane wave, with ¢ = 1000um.
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Figures 4 show the interference fringes obtained on a plane
at four different distances z. In each figure two curves are
shown: the dashed one shows the case of a fully coherent field
(0 = ), the solid one shows the fringes for a partially coher-
ent field with ¢ = 1000um.

Simple inspection shows that by increasing the distance z the
fringe contrast for the partially coherent field decreases be-
coming eventually zero at great distance, while the full coher-
ent field gives fringes at any distance.

(a)  Visibility at 6=10um (b) Visibility
1 (WIS 1 g m T T T =+ -
w (s¢lid)[ 0=100umn
“ (0) | 6=1000pm
W (dashed)| 6=k
0.5 0.5
N \
N\,
O
o ) 0 Mg
0 1 2 3 0 1 2 3 4
7/6 z/o

FIG. 5 Visibility curves for different values of ¢ as a function of z. (a) The dashed-curve
refers to a completely coherent input plane wave, the solid-curve refers to a partially
input plane wave with o = 10um. (b) Visibility average for different values of . Solid
line o = 100um, (o) o = 1000um, dashed line o = oco. The system is AB(2D)BA.

Visibility curves following the definition of Eq.(4) are shown
in Figures 5 for the three different cases o = 10, 100 or 1000p1m.
For comparison the visibility for a fully coherent field is also
shown. As we can see, for all cases the visibility of the fringes
due to a partial coherent plane wave (solid line) decreases to
zero after some ¢ steps, while for a complete coherent plane
wave the visibility (dashed line) keeps a high value for the en-
tire range. Figure 5(a) shows that the visibility has small fluc-
tuations as a function of z/c. These fluctuations have been
smeared out in Figure 5(b), because they are very fast when o
increases.

(a) Visibility (b) Visibility
1
‘ 07 (solid) g=10ym
e e o) g=100pm
05 0) g=1000um
3 (s¢lid) b=TI0um . dashed) g=c0
— 1 [tor p=1opmm|
0.5 (=) 1OPOT q{
yq (dashed) &= 0.3 l‘
N O
0.1 O
0 Sre. o~
0 1 2 3 4 0 1 2 3 4
7/c z/G
(c) Visibility
1
(soflid) ¢=T0jm
(0) ¢=100mm
05 —
< 090

=
N (dashed) &-—

FIG. 6 Visibility curves for different values of ¢ as a function of z. The dashed line

refers to a completely coherent input plane wave, the solid line refers to a partially

input plane wave with o = 10um, (o) is for ¢ = 100um, (O) is for ¢ = 1000pm.
(a) The system is ABAB(2D)BABA; (b) the system is ABABAB(2D)BABABA;
(c) the system is ABABABAB(2D)BABABABA;

We now can see what happens if we change some param-
eters in the structure of Figure 2. The first case is obtained
by the addition of some pairs of 1D-layers, obtaining struc-
tures more selective on wavelength. We represent these sys-
tems with symbolic notation as: (a) ABAB(2D)BABA, (b)
ABABAB(2D)BABABA, (c) ABABABAB(2D)BABABABA.
For all the three cases the physical dimensions are the same
of Figure 2. The visibility curves for the cases (a), (b), (c) are
shown in Figures 6(a), 6(b), 6(c) respectively, they are obtained
for three values of o (¢ = 10um, 0 = 100um, o = 1000um). The
visibility for a fully coherent wave is also shown on the three
figures as a dashed line, and it remains constant as a function
ofz/0.

A second situation we will treat is the one in which we change
the thickness of the grating keeping all others physical pa-
rameters of the system as shown in Figure 2. The number
of 1D-layers is four at each of the two sides of the grating.
With symbolic notation the system is ABAB(2D)BABA. We
choose two cases where the thickness is: (a) ag = 0.05um and
(b) ag = 0.45um. These cases have to be compared with the
first one (a; = 0.25um) treated in Figure 6(a). The visibility
curves for the cases (a) and (b) are shown in Figures 7(a), 7(b)
respectively. Here too, they are obtained for three values of ¢
(c =10um, o = 100um, o = 1000um), and visibility for a fully
coherent field is shown (dashed line).

A third very interesting situation arises if the period d of the
grating is changed. We have seen that, if d is larger than A,
more orders of diffraction are present. It means that more
beams interfere in the final output plane and we may expect
to have very complex fringes. This is indeed what happens.
We have simulated a geometry as in Figure 2 with Ag = 0.4um
and d = aAg with a = 12.5um. The thicknesses of the layers
are as usual Ay/4, and the grating has an arbitrary thickness
of 0.25 um. The other parameters are unchanged.

(a) Visibility (b) Visibility
1 1
(solid) a=10um
| b - — o) 0=100um
(solid) [c=10um 0) 6=1000
0.5 ] LLm
AY (0) |o=10pum 05 NQ_ (dashid) g
V| (@) [6=10p0um|
(daghed) |6=00
0 0 =2 N
01 2 3 4 5 6 7 0 1 2 3 4
z/c z/C

FIG. 7 Visibility curves for different values of ¢ as a function of z. The dashed line
refers to a completely coherent input plane wave, the solid line refers to a partially
input plane wave with ¢ = 10um, (o) is for ¢ = 100um, (O) is for o = 1000um. (a)
The system is ABAB(2D)BABA, with the thickness of the 2D defect @ = 0.005um;
(b) the system is ABAB(2D)BABA, with ag = 0.45pm.
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(a) z=1um (b) z=15um
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FIC. 8 Fringes as a function of normalized distance z/o for d = 12.5 x 1.4 ym and ¢ =

1oum. The dashed curves refer to a fully coherent beam.

The obtained fringes are shown in Figures 8 assuming a co-
herence dimension of the incoming beam ¢ = 10um. Again
in each graph the fringes produced by a fully coherent beam
are also drawn. As expected the fringes have a rather complex
distribution, but also in this case at some distance z the fringes
of the partially coherent source disappear (Figure 8(d)). It may
be observed that, by increasing the period d of the grating, the
distance at which fringes disappear is still linked to ¢, but it is
not a few times o, but larger. The exact functional dependence
of z on ¢ has however not been determined, and should be
explored in a next paper.

A final example is shown in Figures 9 which have been ob-
tained for the geometry of Figure 2 with d = 2.0um, Ay =
0.532um, ny = TiOp, ng = Si02, and 0 = 1mm. Also in this
case the general behavior is confirmed with the validity of the
comments already done to Figures 8. The visibility is shown in
Figure 10 where the fluctuations have not been smeared out.

(a) 2=500um (b) z=2000um
EP EF [ - -
P\ Ny A<
N\
0.6 3 JAAS / 06 TN\ 1/
\NR/AR'EY/ A {
N N /'
0.5 W\ A
R Wi NG A
\ ¥ W2 0.4 NP
0.4 -~ < /
0 1 2 ) 1 2
X(Hm) X(pm)
(c) z=5000um 5 (d) z=12000um
IE IE|
0.8 A / ‘.
08N AN “ N
0.6 S~y I __~ o8 \ ,’
Y 17
AN 7 0.4 \ i
0.4 W™ | A ’ \ Tt
A ’ 0.2 v .
0.2 hlEdind 4
0 1 2 0 1 2
X(m) x(m)

FIG. 9 Fringes as a function of normalized distance z/o for d = 2.0um, o = 0.532um.

The dashed curves refer to a fully coherent beam.
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Visibility at 6=1000um
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FIG. 10 Visibility for the case of Figure 9. ¢ = 1mm, as a function of normalized

distance z/c. The dashed curve refers to the case of a fully coherent beam.

5 CONCLUSIONS

A photonic crystal with a grating as a defect may be strongly
sensitive to the coherence of the incoming beam. The simula-
tions that have been done show that the position of the inten-
sity maxima changes as a function of z as it may be expected
and the fringe visibility is always small because the three in-
terfering plane waves have not optimized amplitude. There-
fore even in the fully coherent case the distribution of inten-
sity outside the structure exhibits fringes of low visibility that
changes as a function of z in a no oscillating way. The mean
fringe visibility of the partially coherent source is however al-
ways lower than for the fully coherent source and eventually
goes to zero for values of z >> ¢. Figures 6 and 7 show that, in
the case of partially coherent fields, the behaviour of visibility
depends on the ratio z/c rather than simply on z. This means
that for larger coherence dimensions of the incoming beam,
fringes are observed in the image after the filter for propor-
tionally higher distances.

This behavior could find application for a very simple and
rapid inspection of the spatial coherence and temporal coher-
ence properties of a source. Observing the intensity distribu-
tion on a plane moving far away from the structure, at some
distance of the order of some times ¢, fringes should disap-
pear.

This method is stable and fast to find the coherence degree of
a beam because we need only to put the filter in front of the
beam and detect the output field at several distance. The dis-
tance at which the fringes disappear is a rough measure of o.
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