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A theory of optical trapping at low Numerical Aperture (NA) is presented. The theory offers an analytical description of the competition
between the stabilizing gradient and destabilizing scattering force. The trade-off can be characterized by a single dimensionless trapping
parameter, which increases with bead radius to wavelength ratio a/A and refractive index contrast m and decreases with NA. The gradient
force dominates for small trapping parameters, the scattering force for large trapping parameters. The potential well depth, maximum forces
and trap stiffness as a function of the three parameters (a/A, m, NA) can be mapped onto universal functions of the trapping parameter.
These functions do not depend on any free parameter. The universal well depth and maximum force curves match with numerical results
based on the exact multipole expansion of the optical trapping force. The paraxial limit of low NA is relevant for compact optical tweezers

based on Optical Pickup Units known from optical data storage. [DOI: 10.2971/j€0s.2011.11027]
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1 INTRODUCTION

Optical tweezers are now routinely used for trapping and ma-
nipulating beads, cells and other objects in the nano to micro-
range [1, 2]. A good optical trap requires a focusing lens with
a high Numerical Aperture (NA). Usually, a water immersion
objective (NA around 1.25) or an oil immersion objective that
is stopped down for focusing into a watery environment will
do. This paper addresses the question if a high NA is abso-
lutely necessary. Wei and Chiou [3] have shown optical trap-
ping at NA = 0.85. Is it possible to construct a stable optical
trap at even lower NA? Will it work for any bead or object
or just for a subset of possible objects? What are the parame-
ter ranges (size, refractive index contrast) pertaining to these
subsets? Is there in fact a lower limit to NA below which there
can be no trapping at all? These questions will be answered in
this paper by means of a fully analytical theory for describing
the axial trap quality of low NA optical tweezers. The theory
corresponds to the paraxial limit (low NA) of the exact the-
ory of Mazzoli, Maia Neto and Nussenzveig [4, 5] and earlier
workers [6, 7]. This theory, experimentally tested and verified
in [8], will be the starting point of our analysis.

The current investigation into optical trapping at low NA may
also have some practical relevance, besides addressing a fun-
damental question on the nature of optical confining forces.
A second motivation lies in the potential application of Op-
tical Pickup Units (OPUs), known from optical data storage,
for optical trapping. These OPUs are in fact miniature high-
precision optical laboratories, consisting of a laser diode, col-
limating and beamshaping lenses, diffraction gratings, a seg-
mented (quadrant) photo-detector, and a singlet aspherical
objective lens of diffraction limited quality, equipped with fo-
cus and tracking actuation (see Figure 1). The bill of materi-
als of OPUs is of the order 10 euro, so the key components
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of OPUs may be applied to construct compact cost-effective
optical tweezers. Currently there are three formats available,
each operating at a different wavelength and at a different
NA: Compact Disc (CD, A =785 nm, NA = 0.45), Digital Video
Disc (DVD, A = 655 nm, NA = 0.65), and Blu-ray Disc (BD,
A =405 nm, NA = 0.85). Current OPUs usually offer compati-
bility between formats of some degree, i.e. they are capable of
reading out multiple formats [9]-[15]. This means that it may
be possible to combine an infrared laser diode of CD with
the NA = 0.85 objective lens of BD, which would constitute
a reasonably efficient optical trap operating at a wavelength
with limited photo-toxicity for biological specimens. This type
of compact optical tweezers could possibly be retrofitted to
conventional microscopes, in contrast to compact tweezers
technologies targeting integrated microfluidic devices such as
the dual beam fiber optical trap [16, 17] or the miniature mi-
cromirror array optical trap [18].

The paper is organized as follows. First we develop and an-
alyze the theory of the axial trapping force (along the optical
axis), then we proced with a short description and analysis of
the lateral trapping force (perpendicular to the optical axis),
and we conclude with an application of the theory to compact
OPU-based optical tweezers.

2 THE AXIAL TRAPPING FORCE

2.1 The limit of low NA

We consider trapping of a sphere of radius a and refractive
index m X n in a medium with refractive index n (m is the re-
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FIG. 1 Schematic drawing of an Optical Pickup Unit (left), and an overview of the three optical data storage formats (right). Images are courtesy of Jean Schleipen, Philips Research

Laboratories.

fractive index contrast) by a focused beam of power P, numer-
ical aperture NA and wavelength A. Mazzoli, Maia Neto, and
Nussenzveig have developed a generally applicable theory of
the optical trapping force based on a multipole expansion of
the incident and scattered field [4, 5]. Approximations appli-
cable to the Rayleigh-regime (a2 < A) and for the geometrical
optics regime (a > A) can and have been derived from the
general theory. Here we present analytical results pertaining
to a different regime, namely the paraxial regime of small NA.
A suitable expansion parameter is f = (n — v/n2 — NA?) /2n.
The regime of small § appears to be surprisingly large. For ex-
ample, for NA = 0.85 and focusing into a watery environment
(n = 1.33) B only takes the value 0.115. Central in the theory
of [4] are the quantities G; defined for any multipole order .
These G; are defined as integrals over the polar angle of in-
cidence of the plane waves making up the focused incident
field. In the paraxial regime the integrands may be consid-
ered constant, and an analytical evaluation of the integrals can
be readily obtained. The approximation is justified for multi-
pole orders [ such that I?§ is small, as can be deduced from a
Taylor-expansion of the integrands. From the theory of Mie-
scattering it is known that Mie-coeffcients of multipole order
I only contribute significantly if | < q with g = 27a/A the re-
duced size parameter [19]. It follows that the approximation is
quantitatively valid provided that NA < 2/4. This boils down
to a bead diameter 24 less than about the radius of the first
dark Airy-ring surrounding the focal point 0.61A/NA. For the
small NA-values under consideration this is an extension of
the Rayleigh-regime a < A.

I have found the following expression for the axial force on
the bead as a function of the position z with respect to focus:

F :? [28Vc (m, ) sine (0)°
1
B2V (m,9) 3 [sinc (0] |,

with the scaled axial position v = 2mnpz/A, and with
sinc(v) = sinv/v the incident focused field along the optical
axis, and where the functions Vi(m,q) and Vg (m,q) can be
expressed in terms of the Mie-coefficients for the different

multipole orders in scattering theory:

Vee(m,q) =Re|Y (21 +1) (a; + b;) —

1

1(1+2 .
2;{ (lfl) (@171 )
21 +1
+blbl*+1) + l(lil)alb?}:| ’
Vgr(m,q) = —Im [Zl; 214+1) (a; + by) —
3)

_221 (1+2) (“l”7+1 + blbf+1)}
]

Clearly, the axial force is the sum of a ‘scattering’ part, pro-
portional to the intensity, and a ‘gradient’ part, proportional
to the gradient of the intensity. The function Vi (1, 9) is up to
a factor (27t/ /\)2 equal to Debye’s cross-section for calculat-
ing the force on a sphere illuminated by a plane wave [19], the
other function Vg, (m, q) is novel. It may also be seen that both
functions involve parts linear in the Mie-coefficients (the ‘ex-
tinction’ part, equal to the momentum taken from the incident
wave per unit time) and parts quadratic in the Mie-coefficients
(the ‘scattering’ part, equal to the momentum carried away by
the scattered waves per unit time). In this sense, the adjective
‘scattering’ takes a double meaning!

2.2 Dimensionless description of the
trapping force

The expression for the trapping force allows for a dimension-
less analysis of trapping and the competition between the
scattering and gradient forces by the introduction of a dimen-
sionless trapping parameter:

_ Ve (m, q)

" BV )’ @

and a force constant:

Ver (m,9)?
Foz @ﬁ:; gr(m q)

P V) ®)
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FIG. 2 Scaled axial force (left) and scaled potential (right) as a function of the reduced axial coordinate v for  =0.32, at the optimum potential well depth (cf. sect. 2.4). In both

graphs the ‘scattering’ contribution and the ‘gradient’ contribution is indicated.
Now the force may be expressed as:

F =Fy |n%sinc (v)* + g% [sinc (U)ZH . (6)

The scaled force F/Fy is thus a function of v that depends
only on the trapping parameter 7. It appears that the trapping
parameter 77 determines the character of the trapping force.
The gradient force dominates for small #, the scattering force
dominates for large 7. The gradient force stabilizes the trap,
whereas the scattering force destabilizes the trap. Stable trap-
ping thus only occurs when 7 is sufficiently small, i.e. if NA
is sufficiently high or if a/A is sufficiently small or if the re-
fractive index contrast m is sufficiently close to one. On the
other hand, if # is too small both forces are small. Both forces
are even zero in the limit in which # goes to zero. It follows
that there must be an optimum value for 7. Figure 2 shows
the scattering force, gradient force and total force.

The force may be derived from a trapping potential:

1—cos (20) —20Si(20) 7

u=u |y? 7 — Esinc )2, (@)

where Si(v) is the so-called sine integral, and with:

2
Uy = 25527‘@ (m,q)

w' Vs (m,q) ®)

where w = 27mc/A is the angular frequency. The scaled po-
tential U/Up is thus a function of v that depends only on
the scaled size parameter 7. Figure 2 shows the ‘scattering’-
potential, ‘gradient’-potential and total potential. Note that
the total force cannot be expressed as the gradient of a sin-
gle potential in case displacements of the bead in three di-
mensions are considered. In that case there is always a non-
conservative component of the force.

2.3 Dependence on refractive index
contrast and bead size

The dependence of the trapping parameter, force constant and
energy constant on NA (via ) is straightforward, the depen-
dence on m and g is implicit via the cross-sections Vg (1m,q)
and Vi (m, q). Figure 3 shows the dependence of the trapping
parameter on m and 4. Clearly, 1 increases with m, making

the scattering force more dominant for a large refractive in-
dex contrast ratio. It appears that 7 increases with g for small
g, reaches a maximum for values in the range 1-3 and then
slowly decreases for large q. It follows that the scattering force
dominates for intermediate g values, roughly corresponding
to bead diameters of the order of the wavelength inside the
immersing medium. The dependence of the force and energy
constants on m and g is proportional to Vg, (1, 0)? / Ve (m,q).
This function is plotted in Figure 3 as well. It appears that
there is little variation with m. For small g this function is
roughly constant (limiting value 3 for g approaching zero), for
g > 1itincreases strongly with g.

In the Rayleigh-limit of small spheres (2/A < 1) in which the
scattered field may be approximated as an electric dipole field
(neglecting all higher order multipoles) simple analytical ex-
pressions for the trapping parameter, force constant, and en-
ergy constant can be obtained. It turns out that:

2 m2—1 3
T = @mz—l—zq' ©)
nP
Fo= 6, (10)
P
U = 6, (11

i.e. the trapping parameter is proportional to the volume of
the bead, making it a scaled size parameter, whereas the force
and energy constants are independent of the refractive index
contrast m and the size parameter 4.

2.4 Equilibrium and potential well depth

Equilibrium is defined by F = 0, leading to:

sinc (v) = 0. (12)
which gives unstable equilibriums (potential maxima) at
v=...,—2m,—7m,+71,+27,...and:

. a . .
7 sinc (v) + 7o [sinc (v)] = 0. (13)

which gives stable equilibriums (potential minima). The rel-
evant stable equilibrium satisfies 0 < vpin (17) < 7. The po-
tential at this minimum is Umin (7). The equilibrium is stable
provided the barrier to pass over to the unstable equilibrium
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FIG. 4 The scaled potential well depth AU (1) /Up as a function of the trapping

parameter 7.

at v = 7 is much larger than the thermal energy kgT. The bar-
rier energy or depth of the potential well is thus:

AU (1) = U (1) = Umin (17), (14)

with

and the trapping is stable provided that AU (17) > kgT. The
scaled potential well depth AU (#) /Uy is a universal function
that does not depend on any free parameter. This function is
plotted in Figure 4. For small # it may be approximated by
the parabola 77/2 — Si (277) 2. It can be determined numeri-
cally that the well depth is maximum at 17 = #pt = 0.320, and
that the optimum is Uppt = 0.06037Uj. This optimum point
implies a relation between NA, m, and 4. Figure 5 shows the
dependence of gopt on m for a range of NA-values. It appears
that gopt decreases with increasing m, and increases with NA.
The well-depth Uoptcw/ P is also plotted in Figure 5. The opti-
mum well depth decreases slighlty with m and increases sub-
stantially with NA.

Analytical estimates for the optimum bead radius and well
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FIG. 3 The ratio of the scattering and gradient cross-sections Vic (112,q) / Vgr (m, q) = Py as a function of g for m = 1.1, m = 1.2, and m = 1.3 (top found in the Rayleigh-limit),
and the force and energy constant dependence via Vgr (m, q)2 /Vse (m,q) as a function of g for m =1.1, m =1.2, and m =1.3 (bottom). The cross-sections have been calculated
by summing over the first 10 multipole contributions using Mathematica.
007 depth can be found in the Rayleigh-limit:
1/3 -1/3
. 3Bropt \ /3 (m2 —1 A
t = o
P 2 m2 + 2 27tn 16
m2 1 -1/3 A ( )
= 0783p'% ( —— —
m* 42 27tn
p>P
AlUgpt = 03625~ (17)
w

From the foregoing analysis it may be concluded that there
is no fundamental lower limit below which there can be no
stable optical trapping whatsoever. Provided the bead size
and/or the refractive index contrast are small enough, the
trapping parameter # can always be brought in the range be-
low about 0.5, in which mechanically stable traps can be engi-
neered. Thermodynamically stable traps further require a suf-
ficiently high laser power. Of course, this does not imply that
any bead with any arbitrary refractive index contrast can be
trapped at these low NA values.

2.5 Maximum forces and axial trap
stiffness

Another measure for the trap stability is the maximum force
that is exerted on the bead when it is slightly displaced from
it’s equilibrium position (the point of largest gradient of the
potential function). This force is larger for a deviation towards
the incoming beam than away from the incoming beam due to
the asymmetry of the potential well induced by the scattering
force. For all but the smallest 77 the asymmetry is substantial,
leading to almost an order of magnitude difference between
the force maxima on both sides of focus. Figure 6 shows the
scaled force maxima on both sides of focus as a function of 7.
Apparently, there is an optimum in the force maximum on the
side of focus away from the incoming beam. This optimum is
at 7 = 0.52, a slightly larger value for the trapping parame-
ter than the value for optimum well depth. As a consequence,
a good compromise between well depth and forces may be
found for 57 ~ 0.4. At = 0.32 the force maxima on both sides
of focus are 0.155F) and 0.0439F, respectively. If a symmet-
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FIG. 5 Optimum gopt (top) and Uoptw/ P (bottom) as a function of m for NA = 0.45, NA = 0.65, and NA = 0.85 and n = 1.33. The data has been calculated using Mathematica

using the first 8 multipole orders.

1.0

0.9r

0.8

Fmax/FO

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.06

0.05-

0.04

Fmax/FO

0.00 . . . . . . . . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FIG. 6 Scaled maximum force Fmax/Fo as a function of 1 for v < vmin (17), towards the incoming beam (top), and for v > vpin (17), away from the incoming beam (bottom).

ric optical trap is required the trapping parameter should be
restricted to values less than about 0.1.

The trap stiffness is given by:

Uzdsinc (v)? il d2 sinc (v)?

e do 2@ |
where:
2 2 2
n“Pw 4Vgr (M,q) 4 Pw
=2 ~ 6B ——— 18
K0 C2 ‘/SC (m/q) ﬁ C2 ’ ( )

where the approximation holds in the Rayleigh-limit. In ther-
mal equilibrium the equipartition theorem gives that the
mean square displacement is given by (z2) = kgT /. Figure 7
shows the scaled root mean square displacement (x/ Ko) /2
as a function of . For the maximum well depth at 7 = 0.320
we find (x/ K())il/ 2 — 323 Compiling these data it follows

that then:
[kgTP A
2\p =
(z2)P = 0.794 Allopt g (19)

This equation may serve to evaluate numerically the trap stiff-
ness at optimum well depth conditions as a function of exper-
imental parameters.

2.6 Numerical results

The universal curves for the barrier height AU /Uy and scaled
maximum force Fnax/Fp away from and towards focus may

10

\ Ko/ K

ol
0 . . . . . . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
n
FIG. 7 Scaled mean square displacement in thermal equilibrium (K/Ko)’”2 as a

function of 7.

be compared with numerically calculated exact values, based
on the theory of [4, 5]. The trapping parameter # is varied in
these numerical calculations by varying the bead radius a. The
results are shown in Figure 8 and Figure 9. The correspon-
dence is quite well. Deviations occur for larger trapping pa-
rameters, in particular for high NA-values and values for the
refractive index contrast m close to one.

3 THE LATERAL TRAPPING FORCE

The lateral trapping forces are largely determined by the
‘gradient’-force. By analogy with the expression for the
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FIG. 9 Numerically calculated values for the scaled barrier height AU /Uy as a function
of the trapping parameter 7 and the universal curve following from the analytical

theory.

‘gradient’-force in the axial direction (which is proportional
to the gradient of the intensity distribution) we may infer that
the lateral trapping potential is given by the Airy-distribution
A(u)=2]1 (u) /u:

U = UpA (u)?, (20)

with u = 271xNA/ A, and that the lateral trapping force is then
given by:

F= f%% [A (u)z} . 1)
It is assumed here that the bead is in the focal plane. It fol-
lows that the equations are strictly valid only if the trapping
parameter 7 is sufficiently small. Deviations in the axial po-
sition from the focal plane can be taken into account in a
semi-quantitative manner by multiplying the potential and
the force by a factor sinc? (vmin (17)). This is not fully exact
as the intensity factorizes in the product of the axial function
sinc? (v) and the lateral function A (1)? only approximately.
Nevertheless, this procedure may result in reasonable esti-
mates.

The lateral trapping force is generally larger than the axial
trapping force, as the former scales with a lower power of NA

than the latter. The largest lateral force is found from:

% [A (u)z} =0, 22)

which gives numerically u = 1.488 for which:

d 2
- [A () } — 0.460. 23)
For the condition of maximum well depth # = 0.320 we have
Umin (7) = 0.906. It follows that the maximum lateral trapping
force is given by:

NA

Flatmax = 0.417%5). (24)

The lateral trap stiffness is given by:

K = (11\112)21(0sinc2 (Vmin (7)) di; [A (”)2}

2
= 0453 <@> Ko-
np

The root mean square lateral displacement in thermal equilib-
rium can be expressed in terms of the root mean square axial
displacement by:

J2) = ,/’;LT - 1.486% (2) 26)
1

This provides a simple scaling relation between the axial and
lateral extension of the optical trap.

(25)

4 DISCUSSION

We can apply the analytical theory developed here to the three
optical data storage formats CD (A = 785 nm, NA = 0.45),
DVD (A = 655 nm, NA = 0.65), and BD (A = 405 nm,
NA = 0.85). For these NA-values the paraxial parameter
is equal to 0.029 (CD), 0.064 (DVD), and 0.115 (BD), for fo-
cusing into a medium with n = 1.33. These values are suf-
ficiently small compared to one to justify application of the
present theory. Table 1 summarizes the main parameters: op-
timum bead radii in nm, well depths in kgT /W, maximum
forces in pN/W, and rms displacements in nmy/W. The op-
timum bead radii happen to be in the range 60-80 nm for all
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format Aopt uopt /P Z:rnax,+ Fmax,f Flat,max Zrms \/ﬁ Xrms \/ﬁ
(m) (ksT/W)  (N/W)  (pN/W)  (pN/W)  (amy/W) (nmy/W)
CD 63 42 0.137 0.039 4.3 397 50.6
DVD 74 410 1.78 0.50 36.6 48.0 9.3
BD 70 849 21.0 5.8 314 16.5 44

TABLE 1 Calculated optimum bead radius, well depth, maximum forces, and rms axial displacement for numbers pertaining to the three optical data storage formats for silica

beads in water (m = 1.45/1.33 = 1.1).

three formats. The well-depths are sufficiently large to ensure
thermodynamic stability for moderate laser powers. Available
laser powers in OPUs, at least in the ones with writing capa-
bility, are of the order 100 mW. It appears that the forces in-
crease drastically with increasing NA. Typical forces for CD,
DVD, and BD-based tweezers are in the range of 0.1 pN/W,
1 pN/W and 10 pN/W, respectively. The lateral forces appear
to be one to two orders of magnitude larger than the axial
forces. It may be concluded that CD based optical tweezers
are likely too weak in practice, but BD based optical tweezers
may appear to have some practical value. The experimental
realization of the OPU-based compact optical tweezers is left
for future explorations.

Another topic worthy of further study is the investigation of
other approximation schemes than the paraxial treatment de-
scribed in this paper. In particular the regime of small refrac-
tive index contrast may be of use for a simplified description
of optical trapping of biological specimens. These objects, be-
ing composed of watery stuff in a watery environment, have
an intrinsically small refractive index contrast. The theoreti-
cal machinery to study this limit is also available in the form
of the (first order) Born approximation. The scattering prob-
lem can then be readily solved, and reasonably concise ex-
pressions for the trapping force and potential can possibly be
found. It may be anticipated that in this limit only the gradi-
ent force survives, the scattering force being of higher order in
the refractive index contrast.

Summarizing, I have presented a theory of optical trapping at
low Numerical Aperture (NA). The theory provides an ana-
lytical and universal framework for describing potential well
depth and forces. Key element is the dimensionless trapping
parameter, which depends on the bead size to wavelength ra-
tio, the refractive index contrast, and the NA, and which is a
measure of the relative strength of the gradient and scattering
forces. This single parameter description of optical trapping
is suitable for bead sizes less than the diffraction limited spot
size, which extends the Rayleigh-regime for the paraxial NA-
values under consideration.
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